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CHAPTER 1. INTRODUCTION 
1.1 Statement of Problem 
In many new technology industries, demand for capacity grows according to 
an exponential trend. For example, the National Academy of Sciences (2000) 
reported that lasers and optical fibers together had dramatically increased the capacity 
of the international telephone system. With equally striking improvements in 
computing, the new communication technology has fueled the exponential growth of 
the Internet. Rai and Samaddar (1998) and Bieler and Stevensen (1998) predicted the 
number of Internet hosts and connections to increase exponentially. In such industries 
where demand grows so rapidly, it is very important for service providers to estimate 
the future demand and plan ahead to meet it. 
The electric power failure of California (2000) is an example of poor 
prediction of demand. Abnormal rise in temperature caused a rapid growth in demand 
for electric power and since adding more capacity took time, a serious problem 
occurred. In industries such as electric power in which customers depend on service 
very much and they are unable to easily switch to another provider, estimating 
demand and the expected shortage of future is one of the most consequential 
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problems. This research concerns both estimating the shortage and investigating the 
optimal capacity expansion policies. 
Capacity expansion is the process of adding facilities over time to meet the 
demand of the present and future. Predicting demand is therefore very important in 
capacity expansion problems. However, it is difficult because of random factors. If 
there were no lead time for adding capacity, despite the uncertainty of demand there 
would be no risk of capacity shortage, since the manager could simply wait until 
demand equals current capacity and then install new capacity. However, if a lead 
time for adding capacity exists, uncertain demand creates the risk of capacity shortage 
during the lead time. Postponing any capacity addition increases this risk of capacity 
shortage during the installation lead time. 
1.2 Research Objectives 
In this thesis, we investigate the application of four kinds of financial option 
pricing methods to estimate the shortage during a fixed lead time under the 
assumption of an exponential trend for demand growth. With each method of 
estimating shortages, we use a dynamic programming model of the capacity 
expansion problem for uncertain demand growth and determine optimal expansion 
policies in two dimensions so that both future demands are satisfied and the 
expansion costs are minimized. The first dimension is timing, that is, setting a level 
of excess capacity that will trigger the initiation of a capacity addition. The second 
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dimension concerns size; i.e., determining how much capacity to add at a given time 
in view of cost discounting and economies of scale. In each case, these analytical 
estimates of the shortage depend only on the ratio of demand to existing capacity 
when an expansion begins. This suggests that expansions should be timed to 
maintain a constant proportional reserve margin of capacity. Ryan (2000) has 
previously shown that under this timing policy it is optimal to always install the same 
multiple of existing capacity. Assuming this form for the policy, we can solve for the 
optimal policy parameters to minimize a weighted combination of expected shortage 
and total discounted expected expansion cost. 
The focus of this research is to compare the use of European, Asian and 
Lookback option values to estimate the lead time capacity shortage and to suggest a 
new method of summing European option to predict the total shortage during the lead 
time. And with those shortage estimations, we investigate optimal parameters for an 
expansion policy over the long term. 
The most important benefit of this research is the ability to obtain analytical 
estimate of the shortage. Based on these analytical estimates, we know the form of the 
optimal policy and can write a closed form expression for cost, which can be 
optimized numerically. Without such analytical estimates, one would need to use 
simulation to estimate the shortages and optimization would be much more difficult. 
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1.3 Thesis Organization 
This thesis consists of five chapters. Overall backgrounds, objectives, and 
scope of this thesis are briefly described in the introduction. 
Chapter 2, titled "Problem Description and Previous Results," defines the 
demand model for capacity, reviews the relevant literature and mainly summarizes 
Ryan's (2000) work on the timing and sizing policies for adding capacity. With the 
policies we investigate the infinite horizon discounted shortage and related capacity 
expansion cost in Chapter 4. 
In Chapter 3, titled "Shortage Estimation using Path-Dependent Options," the 
main objective is to introduce methods for estimating capacity shortages by using 
existing option pricing formulae (Asian and Lookback option). This chapter suggests 
a new method for summing European option values to approximate the total expected 
shortage during the fixed lead time, while the existing option pricing method can only 
estimate some aspects of the shortage during the lead time. Also, the comparison of 
summing European option methods based on different time scales is described. 
In Chapter 4, titled "Optimal Policy Parameters," we compare the four option-
pricing methods mentioned in Chapters 2 and 3 according to their optimal policy 
parameters for capacity expansion with different lead times, economies of scale 
factors and levels of demand volatility. 
Finally, general concluding remarks are described in Chapter 5, "Conclusion 
and Further Research," including chapter reviews and future work. 
5 
The main part of this thesis is Chapters 3 and 4, in which new shortage 
estimation methods are introduced and compared with each other so that we can see 
their relative advantages and disadvantages. Appendix 1 summarizes the notations 
used and Appendix 2 shows the algebraic approach for the total expected shortage 
during the lead time. 
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CHAPTER 2. PROBLEM DESCRIPTION AND 
PREVIOUS RESULTS 
2.1 Literature Review 
A variety of model have been formulated for capacity expansion. Here we 
focus on dynamic models with one or more aspects of exponential demand, uncertain 
lead times and economies of scale. 
Srinivasan (1967) formulated a demand model for heavy industries in India 
and showed that under the assumption of deterministic geometric growth of demand 
and economies of scale in construction and operation of plant, it is optimal to expand 
a capacity at each point of a sequence of equally spaced points of time. Therefore the 
optimal expansion size would grow exponentially. However, he did not consider only 
lead time for capacity expansion. 
For the randomness of demand in capacity expansion problems various 
models have been formulated. Manne ( 1961) showed that the randomness of demand 
increased the size of capacity expansions when demand is a linear or ordinary 
Brownian motion. None of these studies included lead times. Freidenfelds (1980) 
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formulated a capacity expansion problem when demand is birth-death random process 
and showed that although "the effect of randomness" is to increase demand, it does 
not follow that optimal capacity expansion sizes must increase with randomness. He 
also showed that "the effect of randomness" could be thought of as the difference 
between the "equivalent deterministic demand" and expected demand. This means 
that the gap between the actual expected present value of the cost and the cost of 
providing service to meet the "expected demand" can be analyzed as "the effect of 
randomness" on the capacity expansion problem, where the "equivalent deterministic 
demand" is always greater than expected demand and the gap becomes smaller as the 
discounting rate approaches zero. Bean, Higle and Smith ( 1992) showed that the 
optimizing capacity expansion problem over an infinite horizon with demand that 
follows either a nonlinear Brownian motion or non-Markovian birth and death 
process could be transformed into an equivalent deterministic problem. They showed 
that when demand is uncertain, the randomness stimulates capacity expansion earlier 
than when demand is deterministic. 
There are some capacity expansion studies that include lead times either as 
their decision variables or as fixed parameters. Chaouch and Buzacott (1994) 
suggested how to find the optimal manufacturing plant size under the assumptions of 
fixed lead time and alternating periods of demand growth and stagnation. They 
showed that it is economically preferable to defer plant construction beyond the time 
when existing capacity became fully absorbed for a certain lead time duration and 
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that longer lead times mcrease the optimal capacity trigger levels and sizes of 
capacity additions. 
Davis, Dempster, Sethi and Vermes (1987) modeled demand as a random 
point process (i.e. demand increases by discrete amounts at random times) and 
assumed a non-zero lead time for capacity expansion. They provided a precise 
mathematical model for their assumption of demand and lead time and formulated a 
simple model of capacity expansion as a stochastic control problem. For the optimal 
policy, they presented numerical algorithms. However, their optimal solutions were 
just for some simple cases. 
Angelus, Porteus and Wood (1997) solved a capacity expansion model with 
economies of scale in capacity expansion costs, dynamic sizing of expansions, and 
correlated stochastic demand for the case of contingent timing of expansions over a 
finite horizon in the semiconductor industry. They considered lead times for capacity 
expansion with a penalty for the shortage and proved the form of an optimal policy. 
However, in their numerical examples they neglected the shortage penalty. 
Finally there are some studies that use option theory to analyze capacity 
investment decision problems concerning the choice of one project among several 
competitive ones. Wang and Min (1999) introduced the method of using real options 
in choosing optimal power generation construction project by considering not only 
the project's net present value but also the potential values of options the project 
could create. 
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This thesis uses some general ideas in common with the above references such 
as uncertain demand process, non-zero lead times and economies of scale. However, 
with one exception, no one has been able to estimate capacity shortage during lead 
time analytically and actually solve for an optimal policy. Chaouch and Buzacott 
(1994) come closest but use a different demand model which is more suitable for 
slow-growing and/or cyclical industries. 
2.2 Demand Model, Assumptions and Problem Description 
In this thesis, we assume an exponential growth in demand for capacity, which 
can be observed in many new technology industries such as Internet business of hosts 
and connections and the international telephone system. 
Specifically, assume that the demand follows an exponential trend of growth 
with parameters as follows: 
µ: constant drift of logarithmic demand growth 
a: constant volatility of logarithmic demand growth (standard deviation) 
g == µ + d 12 : mean exponential growth rate of demand 
The demand for capacity at time t, D(t) satisfies: 
Log(D(t +&)J =µ!:it+ a~Z 
D(t) , 
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where Z is a standard normal random variable and independent of the demand for 
capacity, D(t). Then it follows that, given the demand at time t, the demand at time 
t+ Lit is normally distributed with mean and variance given by: 
E[D(t + M)jD(t)] = D(t)eg!lt 
Var[D(t + M)jD(t)] = D(t) 2 e2g!lt (eu2!lt -1) 
Assume that a fixed lead time His required to install additional capacity in any 
quantity, and that the cost of a capacity increment of size Xis given by a function 
Q(X). Finally, assume that costs are continuously discounted by an interest rate r > g. 
Since we assumed random exponential demand growth with a fixed lead time 
for installing capacity, there could be always the risk of capacity shortage during the 
expansion lead time. To minimize the infinite horizon discounted expansion cost and 
control the risk of shortage during the lead time, two problems arise: (1) When should 
the new capacity be added? (2) How much should the additional capacity be? In the 
next section of this chapter, we detail the optimization policies that maintain a 
specified service level in terms of a measure of allowable expected shortage during 
the lead time and minimize the expected discounted expansion cost by reviewing the 
previous work. 
2. 3 Previous Results 
In this section, we review Ryan (2000)' s work on shortage estimation using 
European option and the resulting expansion policies. 
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Since we assume exponential growth of demand, the capacity growth trend 
should also be exponential in order that service not deteriorate. For this reason, 
shortage should be measured in terms of the ratio of potential shortage to existing 
capacity rather than in absolute terms. Let tn be the time point when the nth capacity 
addition is begun and Kn be the installed capacity after n additions are completed. 
Figure 1.1 illustrates the demand model and expansion policy. The decision variable 'Y 
is the ratio of potential shortage to existing capacity (from the timing policy) and U1 
is the amount of the first capacity expansion (determined by the sizing policy). 






Figure 2.1 Exponential demand and expansion policy 
D(t) = eµt+CJ/tZ 
Time 
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Assume that at most one expansion is in progress at any one time, so that 
tn+H < tn+J, The installed capacity at time t equals Kn-1 for tn+H ~ t < tn+1+H. Then 
the shortage at time tis (D(t)-Kn-1t for tn+H ~ t < tn+1+H, where, (Of = Max[ 0,0]. 
The total shortage during the nth lead time is given by: 
t0 +H 
J(D(t)-Kn-I )+ dt. 
tn 
However, the expectation of this integral cannot be evaluated in closed form. 
Instead, we focus on the potential shortage that can be estimated by analogy with the 
value of financial options. According to Hull (1997), a call option is an option to buy 
an asset at certain price by a certain date. A European option can be exercised only at 
the end of its life. Ryan noticed that the expected quantity of shortage at the end of 
lead time is mathematically identical to the value of a European call option on a stock. 
The expected shortage at the end of the lead time using the Black-Scholes option 
pricing formula is given by, (Jarrow and Rudd, 1983, pp.116-117) 
h 
= log(D(tn)/ Kn_1) + (g + a 2 !2)H 
where r;; 
avH 
and <I>O is the standard normal cumulative distribution function. 
When the shortage measure is expressed as a proportion of installed capacity, then 
13 
depends on demand and installed capacity only through their ratio. Therefore, 
potential shortage can be controlled by a fixed ratio')'= D(t,J!Kn-J , independent of n, 
that will trigger an expansion. The observation suggests the following: 
Timing policy: The nth expansion installing time (tn) is the minimum value of time, t, 
when D(t) = ')' Kn-J· Here, ')'is a decision variable. 
If 'Y is too large ( close to 1 ), which means delaying capacity expansion until 
demand is close to the existing capacity, there would be a big risk of capacity 
shortage during the expansion lead time, but there also would be some advantages or 
profits by economically postponing the capacity expansion. In the same way, if ')'is 
too small, the risk of capacity shortage could be reduced but it would result in 
increased present value of capital cost. The ultimate objective of optimizing those 
expansion policy parameters is to achieve an appropriate tradeoff between them. 
Assuming that expansion lead times do not overlap each other under the 
timing policy, for some small probability a, the nth expansion size, Un = Kn - Kn-J, 
must satisfy 
P(D(tn +H) > r(Kn-1 +Un)]<a. 
This leads to the following requirement for Un: 
u. > D~.)(egH -l+zaegH~e"2H -1) 
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where Za is the ( 1-a)-quantile of the standard normal distribution. 
Economies of scale in production means that production at a larger scale 
(more output) can be achieved at a lower cost (i.e. with economies or savings). 
Economies of scale are most likely to be found in industries with large fixed costs in 
production. Assume that costs are scaled so that the function Q(X), cost of a capacity 
increment of size X, equals to X1, where O <a< 1 is an economies of scale parameter. 
Note that this is same assumption cost in many capacity expansion studies including 
those by Srinivasan (1967), Manne (1961) and Chaouch and Buzacott (1994). The 
infinite horizon discounted expansion cost is given by the cost of a capacity 
increment of size Un multiplied by the discount factor for the nth expansion, 
00 
C = LE[e-rtn J(unr . 
n=l 
Theorem (Ryan (2000)) 
Suppose that the nth addition is initiated at the minimum value oft for which 
D(t) = 'Y Kn.J, where 'Yis fixed. Then the infinite horizon discounted expansion cost, C, 
is minimized by installing Un= Kn- Kn-J such that Kn =V'1 Ko, where V>l. 
Assuming the timing policy is followed, the sizing policy can be derived from the 
above theorem. The optimal capacity expansion size is Un. 
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Sizing policy: The nth expansion size is given by U. = K •-' ( egH -1 + zegH J e"' H -1) , 
wherez > Za, 
The second decision variable, z, can be interpreted by recognizing that 
1 { gH ) z gH ~ u2 H • h . . Un = - D n \e -1 + - D n ee -1 which means that the n1 expansion size r r ' 
equals 1/ ytimes the expected demand growth during lead time plus 1/ ytimes the 
standard deviation of that demand growth. Let V ( z) = ~H (I+ z~ e"' H - I}, and note 
that Un= Kn_1(V(z)-1) so that Kn = V(zl Ko . In general we will refer the "size" of 
addition as V(z)-1, the constant multiple of current capacity that should be installed at 
each expansion time point. 
Ryan analyzed the result of using the European option value for estimating the 
expected capacity shortage with optimal policy parameters y and z for various values 
of H, a and a. In Chapter 4, we use Ryan's optimal parameters to compare with 
policy parameters found using path-dependent options for shortage estimating 
measures. The drawback of Ryan's method of shortage estimation with the European 
option method for estimating shortage is not completely satisfactory, since it only 
focuses on the potential shortages at the end of the lead time. But it is easy to 
calculate. 
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CHAPTER 3. SHORTAGE ESTIMATION USING PATH-
DEPENDENT OPTIONS 
3.1 Introduction 
Chapter 2 describes the use of European call option values to estimate the 
expected shortage at the end of lead time. However, since our demand model is 
volatile the expected shortage only at the end of lead time is not sufficient to choose 
an effective optimal policy for capacity expansion. Path-dependent options, which 
take more information about demand into account, may be more appropriate for 
estimating the expected shortage during the lead time. We looked at all available 
exotic options for this purpose and found that Asian and Lookback options were most 
relevant. 
In this chapter, three kinds of new shortage measures are introduced. Each 
measures uses a different option pricing method for the potential shortages and has its 
own characteristics respectively. The expectations on shortages are as follows. 
s!A;N) = E[(G(tn )-Kn-I)+] : Asian option 
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G(t n) : Geometric average of demand 
Estimate shortage with the geometric average of demand over a 
portion of the lead time. 
S ?> = E[(M 1~ - K n-1 t] : Lookback option 
Estimate the highest shortage during the lead time. 
m=Hlfl.t 
: Summing European option 
Estimate the total shortage based on a specific time unit during the 
lead time. 
Figure 3 .1 illustrates the general idea of each option pricing method for estimating 
shortage. 
18 










Figure 3 .1 Comparison of shortage measures corresponding to financial options 
3.2 Asian Option 
An Asian option is a path-dependent option whose payoff in finance depends 
on the path of asset prices over a pre-specified time horizon. The payoff of this option 
is a function of the average of prices taken at various points in time and hence 
"average option" is also a term frequently used to describe it. In contrast to the 
snapshot provided by the European option, the Asian option includes more 
information about demand during the lead time. 
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According to Levy (1996), Asian options are now an established contract in 
the armory of hedging instruments in financial markets. Two types of Asian options 
are widely offered - the average rate ( or price) option (ARO) and the average strike 
(or floating average) option (ASO). The ARO pays off at maturity the difference (if 
positive) between the average of prices recorded over a pre-specified time interval and 
a specified strike price. The ASO will pay the difference (if positive) between the 
asset price on the expiry date and the average of asset prices recorded over a specified 
time interval. The average rate option (ARO) is the more familiar of the two and the 
more popular in terms of volume of transactions. In this thesis, we only consider 
ARO as our Asian option to estimate the shortage between the average of demand 
over pre-specified portion of lead time and the current capacity. 
There are various reasons as to why Asian options have become so popular. 
First, a company's exposure to future price movements is sometimes naturally 
expressed as exposure to an average of prices in the future. For example, in the 
absence of a fixed price agreement, the total annual costs of a company will be 
sensitive to the prices of raw materials used in production over the coming year. 
However, although a company will have some estimate of its total requirement, it is 
unlikely that it will know the size and timing of all purchases. More likely the 
company will estimate that such costs will be spread evenly ( or perhaps with some 
seasonality) over the year. Such an exposure is better described as a future series of 
cash flow and total cost will therefore depend on the average ( or weighted average) of 
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raw material prices over the year. An Asian call option on the price will compensate 
the company for the difference between the average of prices and a specified strike. 
Second, averaging is useful as a means to reduce the sensitivity of an option's 
expiration value to the underlying asset price on the expiration date. Abnormal price 
movements on the expiration date, arising perhaps from a lack of depth in the market, 
can lead to distortion of the expiration value of an option. To avoid such effects, some 
option contracts are expressed as an ARO in which the averaging period is specified 
as (say) the last ten business days of the option's horizon. A third reason for using 
Asian option is that accounting standards may require translation of foreign currency 
assets or liabilities at an average of exchange rates over the accounting period. Again 
an Asian option is an obvious choice to reduce the harmful effect that a turbulent 
currency market might have on a company's balance sheet. 
In Asian options the terminal value is determined by the average over some 
history of prices. Option valuation usually assumes asset returns to be normally 
distributed or, equivalently, that asset prices themselves are log-normally distributed. 
Because the product of log-normal prices is itself log-normal, the valuation of Asian 
options determined by a geometric average of prices is a relatively simple matter. 
However, the distribution of the sum of log-normal components has no. explicit 
representation and complicates the determination of a solution for the arithmetic 
Asian option. So for the valuation of Asian option, we use geometric average of 
demand in our model to estimate the expected shortage. 
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The value of a geometric Asian option is mathematically identical to the 
expected value of the difference between the geometric average of demand during the 
specified time interval and current capacity. By using the Asian option value we use 
information about demand during the lead time as well as at its end. 
The estimated shortage using Asian option is given by, (Levy, 1997, pp 77) 
G(tn) = [D(tn + H - N + l)D(tn + H - N + 2)··· D(tn + H -1)D(tn + H)]¾-
: Geometric average of demand for the time interval [tn+H-N+ 1,tn+H] 
2 ( ( H - t 1 )( 2 N - 1) ) <:YG =a ------+l1 
6N 
s<A;N) D(t) 1 2 
n _ 2aG "'( ) "'( ) ---e "V x1 -"V x1 -ac 
Kn-1 Kn-1 
Here, N is the prespecified time period used for calculating the geometric average of 
demand. As N becomes bigger, the time interval for averaging demand gets longer 
and, since our demand model follows exponential growth, the estimated shortage that 
is the value of Asian option will get smaller. Figure 3.2 shows the estimated 
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shortages with different N ( 1, 2, 3 and 4 out of 6 months). In this thesis, we choose N 
=1/3 H, which is a reasonable value since it does not make the expected shortage too 







Kn-I 0. 75 0.85 0.9 0.95 
Figure 3.2 Estimated shortage using Asian option with different N 




According to Heynen and Kat ( 1997), a lookback option is another example of 
a path-dependent option like the Asian option. In this section we use a fixed-strike 
lookback call option whose payoff is not on the basis of the index ( demand) value at 
expiration but based on highest value of the index ( demand) during the life of the 
option. Therefore, a fixed-strike lookback call option can be seen as a European call 
option on the highest value of the demand during the lead time. In other words, if the 
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index rises during most of the option's life but drops sharply just before expiration, an 
ordinary European call will not or will only partly pay off. A fixed-strike lookback 
call, on the other hand, pays off on the basis of the highest index value recorded 
during the life of the option and thus does not suffer from the plunge just before 
expiration. So, in finance, the lookback option enables investors to eliminate the 
problem of timing market entry and/or exit. When the index value at expiration is 
also the highest value achieved, the payoff of a fixed-strike lookback option equals 
that of the comparable ordinary European option. In all other cases the payoff of a 
fixed-strike lookback will be substantially more expensive. In practical financial 
markets, to solve the problem of timing market exit it is sufficient for the lookback 
period to remain limited to the last part of the option's lifetime to make option 
cheaper (partial fixed-strike lookback option). But in this research, since we only 
consider the payoff of the option that can be regarded as the highest shortage during 
the lead time, the full fixed-strike lookback option is used. 
The value of fixed-strike lookback call option is mathematically identical to 
the expected highest capacity shortage during the lead time. According to the price of 
a full fixed-strike lookback call, the estimated highest shortage is given by, (Heynen 
and Kat, 1997, pp 108-110) 
s ( L) = E[( M H - K ) + ] n tn n-1 
24 
where M 1~ = Max.(D1 : tn ~ t ~ tn + H). 
This leads to the following pricing formula: 
3.4. Summing European Option 
The previous sections give us three kinds of estimates for expected capacity 
shortage, but what we get from these methods are not total expected shortage but 
some aspect of instantaneous shortages at specific points in time such as shortage at 
the end of lead time (European option), shortage based on average demand over a 
fixed time interval (Asian option) and the highest shortage during the lead time 
(Lookback option). Though these shortage estimation methods have their own 
advantages respectively, there is a inherent limitation with instantaneous shortages. 
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In this section, we suggest a method for summing European option values, with which 
we can approximate the total expected shortage during the entire lead time. 
The main idea of the Summing European method is simple. Consider an 
arbitrary lead time [tn,tn + H) . A European option enables us to estimate the 
expected shortage at the end of lead time. What if we use European option valuation 
with a shorter lead time? We will get the expected shortage at the end of the shorter 
lead time. Finally, if we use shorter lead times with European option, the expected 
shortages between each pair of successive lead times can be estimated. Figure 3.2 
illustrates the idea very clearly. Let H1, H2, H3, and H4 be a given series of lead times, 
with H = H1• Then the corresponding expected shortages at the end of each lead time, 
S(J), S(2), S(3) and Sr4; can be calculated. Let f:t.t = H; -Hi+I, then the total expected 
shortage during the n th lead time can be approximated as follows. 
~+H m 
sr) = JE[(D(t) - K n-t )+ }it = lim ~ S(i) · At 
t:J-+00 L..J ' 
i=l 
H 
where m = At .(Appendix 2 shows the algebraic approach to the total shortage) 
Since we are measuring expected shortage throughout the entire lead time, the 
expected shortage should be discounted continuously back to time tn, 
More formally, the total expected shortage during the n th lead time is given by 
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tn+H 
s~n = Je-r<i-,,> E[(D(t)-K._1 )+ ¥r 
tn 
m tn+iAJ 
= L Je-r<t-t,)E[(D(t)-K._1)+ ¥1 
i=1 tn+U-1)& 
Demand or capacity 





Figure 3 .3 Series of lead times and shortages of Summing European option 
Here, time is kept in constant measurement of (say) years and the lead time H is 
subdivided into m intervals. 
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Since e -r(t-t •) E[(.D( t) - Kn-I)+] is an increasing function of t for t ~ t n 
(farrow and Rudd (1983)), by a Riemann-integral approximation, we can bound the 
expected shortage from above and below as 
s!7) $: f e-riME[<D(t. +iM)-Kn-1Y ~t 
i=l 




Here, for i =0,1, 2, ... , m 
E[(D(tn + iM)- Kn-I)+]= egi!lt D(tn )<l>(h; )- Kn-I <l>(h; - a/iM), 
h _ log(D(tn) / Kn-l) + (g + o- 2 / 2)iM 




When following the proportional reserve timing policy, K = Y (a conStant) 
n-1 
s<n s<r> s<n 
Therefore, -jf-- does not depend on n, so -'jf- = -jz- for all n ~ 1 . 
n-1 n-l 0 
Now, we have lower and upper bounds for the expected shortage using 
Summing European option. The estimate is found by averaging the lower and upper 
bounds, 
s<n s<n 1 
_n_ = - 1- =-(LB+ UB) 
Kn-1 Ko 2 . 
To obtain an accurate estimation of shortage with a reasonable amount of 
computation, we tested several subdivisions of the lead time based on different time 
scales. 
1) Subdivision of lead time on monthly basis: 
L1t =1/12 year, m = HIL1t = 6, when H = 0.5 
2) Subdivision oflead time on weekly basis: 
L1t =1/52 year, m = HIL1t = 26, when H = 0.5 
3) Subdivision oflead time on daily basis: 
L1t =1/364 year, m = HIL1t = 182, when H = 0.5 
4) Subdivision of lead time on hourly basis: 




Kn-I Monthly (U) 
0.08 Weekly (U) 
Daily (U) 
0.06 Hourly (U) 
0.04 
0.02 
0.71 0.72 0.73 0.74 0.75 
Figure 3.4 Convergence from upper bounds of shortages estimate by summing 
European option based on different time scale 
s (T) 











Figure 3.5 Convergence from lower bounds of shortages estimate by summing 
European option based on different time scale 
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We obtain a more accurate approximation of this estimate by subdividing the 
lead time into smaller time units. To compare each subdivision we use the parameters 
H=0.5, µ=0.05, r=0.1 and o=0.2. As His subdivided more finely, Figure 3.4 and 3.5 
show that the upper and lower bounds on Sn (T) converges to the actual total expected 
shortage from above and below. 









0.72 0.73 0.74 0.75 Kn-1 
Figure 3.6 Average of upper and lower bounds of shortages estimate by 
summing European option based on different time scale 
Figure 3.6 shows that the average of upper and lower bounds of shortages 
converges to the average of the actual total expected shortage. 
In numerical tests, Table 3.1 shows the maximum percent difference between 
the estimated shortages of daily based and hourly based methods over 'Y values from 
0.5 to 0.9. For example, the error percentage of average daily based with respect to the 
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average hourly based method does not exceed 0.052% over the parameters H=0.5 and 
o=0.2 over 'Y values from 0.5 to 0.9. But the execution time to calculate the shortage 
and optimal parameters of average hourly-based sum of European options is above 30 
times longer than that for the average daily based model. It is a reasonable 
compromise to use the average daily-based sum of European options to estimate the 
total expected discounted shortage. 
H (J Maximum percentage of differences 
between daily and hourly based method 
0.1 0.6927 % 
0.25 0.2 0.6736 % 
0.3 0.1687 % 
0.1 0.1976 % 
0.5 0.2 0.0514 % 
0.3 0.0141 % 
0.1 0.0465 % 
1.0 0.2 0.0042 % 
0.3 0.0014 % 
0.1 0.0031 % 
2.0 0.2 0.0004 % 
0.3 0.0002 % 
Table 3.1 Maximum percentage of differences between daily and hourly based method 
in various lead times and level of demand volatility over 'Y values from 0.5 to 0. 9 
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CHAPTER 4. OPTIMAL POLICY PARAMETERS 
4.1 Infinite Horizon Discounted Cost and Shortage 
In this section, we review Ryan's (2000) work on infinite horizon discounted 
cost and shortage with the expansion policies we defined in Chapter 2, and apply the 
cost and shortage to our shortage estimation methods using path-dependent options. 
Recall that the total expected discounted cost with the concept of economies of scale 
is given by, 
00 
C = LE[e-rtn ](Unt . (1) 
n=1 
Karlin and Taylor (1975) proved that if T(d) is the first time at which D(t) reaches the 
valued, then for the interest rater, the discount factor to multiply by a cost incurred 
at the random time T( d) is given by 
E re-rT(d) 'D(O) = y] = ( yd JP ( µ J2 2r µ ~ , where P = 2 +-2 --2 . 
(J' (J' (J' 




From the assumption that r>g, it follows that p>l. 
Combining (1) and (2), the infinite horizon expected capacity expansion cost 
is given by: 
=(D(O))P f, ~(zr-1(V(z)-l)f 
y K L..J V(z)P<n-I) 
O n=l 
= ( D1:l K;J(y,z), where 
f ( ,z) = y-P(V(z)-1)
0 
y 1-V(z)°-p 
and p>l>a with V(z) = e•H (1 + z.Je"'H -1). 
Let Sn be the estimated shortage during the nth lead time. Then the infinite 
horizon expected discounted shortage according to the European, Asian and 
Lookback option valuation can be calculated by discounting Sn back to time tn as for 
the cost function (Sn e-rH) and multiplying by the discount factor: 
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v(y,z) = ~>-rH ( iO) JP Sn 
n=l Y n-1 







oY(r, ) ' 
where V ( z) = e•H ( I + z~ ea' H - I ) > I and p> I. Recall that under the timing policy, 
Sn S1 
given fixed -y, K = I( for each estimation method in Chapter 3. 
n-1 0 
Therefore, the total expected discounted shortage over an infinite horizon 
using the Asian option is 
• 
00 
( D(O)JP . v(A,N)(y,z)= ~:e-rH K s!A,N) 
n=O y 0 
-( D(O) JP -rH -p ~(v( )-(n-l)p µG-½ab rh( ) K rh( )) - K e r  z e 'I' X1 - n-1'-" X1 -aG 
O n=1 
=(D;:)r KoY(A;N)(y,z), where 
(A·N) e r p -µ--(I+N)a - H - ( H +ti H -ti 2 J 
y . (y,z)= 1-V(z;-(p-I) re 2 I2N <l>(x1)-<l>(x, -ad . 
And the total expected discounted shortage over infinite horizon using Lookback 
option is 
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(D(O)JP e-rHy-P s?) (D(O)JP (L) = -- K0 1 P ·--= -- K0 y (y,z), where K0 1- V(z) - K0 K0 
Since sf) 1s already discounted back to time tn, the infinite horizon expected 
discounted shortage of Summing European option can be calculated by just 
multiplying by the discount factor E [ e -rr" } . Therefore the total expected discounted 
shortage over infinite horizon using Summing European option is 
( )
p ct:) (T) 
= D(O) ~ ~K 1-p 
L..J K n-1 
Y n=l n-1 
=(D(O))p(st)) Kol-p 
Y Ko 1- V(z) 1-p 
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(T) z - 1 (s<n) r-p y (y, ) - K
0 
1- V(z)1-p · 
4.2 Weighted Sum of Cost and Shortage 
The objective is to find policy parameters for each method that can minimize 
the weighted sum of cost and shortage, 
w(y,z) = u(y,z) + p'v(y,z), 
where p 'represents the cost of each unit of capacity shortage per day during the lead 
time. Here, we assume that the estimated shortage by European, Asian and Lookback 
options are incurred on single day (i.e, it is the shortage at the last day of lead time in 
case of European option, not the instantaneous shortage). This assumption is very 
important because if we assume instantaneous shortage for European, Asian and 
Lookback options, the dimension of shortages estimated by Summing European 
option is different from that of others. Then the penalty factor of Summing European 
option should be adjusted so that the optimal parameters of four options can be 
compared with each other. Section 4.8 discusses the case of instantaneous shortages 
and adjustment to the penalty factor for Summing European option. 
The objective function can be restated as, 
37 
11-{y,z) = ( i.~) r Ki(f(y,z) + p' :~ y(y,z)J. 
Thus, minimizing w is equivalent to minimizing 
m( r' z) = f ( r' z) + py( r' z) 'where 
K p=p'-o-. Kg 
Here, p is a dimensionless penalty factor. For example, p=5 if a shortage in the 
amount of Ko over one day is five times as costly as installing Ko units of capacity. 
According to Ryan (2000), the cost function f(r,z) is an increasing function of 
z for fixed 'Y and decreasing function of 'Y for fixed z. On the other hand, the shortage 
functions /A:NJ(y,z),/LJ(y,z)and/A;NJ(y,z) as well as /EJ(y,z) found by 
Ryan (2000) increase with 'Y for fixed z and decrease with z for fixed -y. Therefore, if 
the penalty factor p is very small the objective function is minimized by large 'Y and 
small z, which means delaying the capacity expansion and choosing a value of z that 
balances the economies of scale with present worth of capital cost. In similar way, if 
the penalty factor p is very large, then advancing the additional capacity expansion 
with large quantities at one time minimizes the objective function. Since the objective 
function appears to be convex in both decision variables we can find significant 
optimal values of each variable for proper values of the penalty factor. To get the 
optimal parameters, we used the FindMinimum function in Mathematica, which 
searches for a local minimum. (Wolfram, 1991, pp 109) 
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As a baseline, we used parameter values µ=0.05 (mean logarithmic growth 
rate of 5% per year), r=O. l (annual risk-free interest rate), a=0.2 (standard deviation 
of logarithmic demand growth), H=0.5 (year of fixed lead time) and a=O. 7 
(economies of scale factor). 
4.3 Summing European Option 
From Figure 3 .6 we realize that estimated shortage of the hourly based model 
is very close to that of daily based Summing European option. Considering the 
difference in execution time, the daily based model appears reasonable for estimating 
the total shortages. 
4.4 Effect of Lead Time 
For values of p=2, 3, 4, 5 and 10, Figures 4.1, 4.2, 4.3 and 4.4 show the effect 
on the optimal policy parameters using European, Asian, Lookback and Summing 
European options, respectively, when the lead time varies from 3 months to 2 years. 
Instead of optimal z in figures, the multiple of current capacity Kn-J, which equals to 
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Figure 4.1 European option - Optimal parameters for various penalty 
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Figure 4.2 Asian option - Optimal parameters for various penalty factors 
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Figure 4.3 Lookback option - Optimal parameters for various penalty 
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Figure 4.4 Summing European option - Optimal parameters for various 
penalty factors and lead times 
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Figure 4.5 Comparing the shortage measures by various lead times (p=5) 
All the Figures (4.1 - 4.4) illustrate that the usual effect oflonger lead times is 
to encourage larger and earlier capacity expansion. However, if the penalty factor is 
small and lead time is very long, according to the European, Asian and Lookback 
measures, it is more appropriate to incur shortage penalties while taking the 
advantage of the economies of scale. 
By arbitrarily assuming the penalty factor equals to 5, we can compare the 
differences of optimal 'Y and V(z)-1 values with respect to the different shortage 
estimation methods as in Figure 4.5. As the lead time increases, all the capacity 
expansions are earlier and larger, but there are some differences with the quantities 
and timings. The Summing European option advances capacity expansion fast but the 
expansion size does not increase so much, while European, Asian and Lookback 
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options trigger the later but larger amount of capacity expansion than the Summing 
European option. The Lookback option is around the middle area between European 
or Asian option and Summing European option from the point of timing policy 
parameter for the capacity addition. 
4.5 Effect of Economies of Scale Factor 
For values of p=2, 3, 4, 5 and 10, Figures 4.6, 4. 7, 4.8 and 4.9 show the effect 
on the optimal policy parameters using European, Asian, Lookback and Summing 
European options, respectively, when the economies of scale factor varies from 0.6 to 
0.8. Decreasing values of a correspond to increased economies of scale. As the 
economies of scale increase, the optimal size of expansion also increases and the 
optimal timing is slightly delayed. Figure 4.10 illustrates the effect of economies of 
scale factors on different shortage measures when the penalty factor is fixed to 5. 
Optimal y and V(z)-1 values of Summing European option are less than those of the 
other three options, which is quite reasonable since the expected amount of shortage 
using Summing European option is much larger than that of European or Asian or 
Lookback options. From all the figures in this subsection, we can see that the 
economies of scale factor does not effect the timing policy so much. Instead, smaller 
economies of scale factor mainly causes a larger capacity expansion. The amount of 
changes in the size of capacity expansion by the effect of economies of scale factor 
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Figure 4.6 European option - Optimal parameters for various penalty factors 
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Figure 4. 7 Asian option - Optimal parameters for various penalty factors and 
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Figure 4.8 Lookback option - Optimal parameters for various penalty factors 
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Figure 4.9 Summing European option - Optimal parameters for various 




;i- 0 .80 -; 













a=0.7 a=0.65 a=0.6 




0 .80 1.00 
Optimal Multiple of K, (V(z)-1) 
120 
i -.-European 





Figure 4.10 Comparing the shortage measures by various economies of 
scale factors (p=S) 
4.6 Effect of Level of Demand Volatility 
For values of p=2, 3, 4, 5 and 10, Figures 4.11, 4.12, 4.13 and 4.14 show the 
effect on the optimal policy parameters using European, Asian, Lookback and 
Summing European options respectively, when levels of demand volatility vary from 
0.1 to 0.3. As demand becomes more uncertain, the optimal capacity expansion gets 
both larger and earlier. Figures 4.11, 4.12 and 4.13 show that higher levels of demand 
volatility in European, Asian and Lookback options yield a concave shape of optimal 
parameters with respect to the penalty factors. However, Figure 4.14 illustrates that 
Summing European option forms a linear shape of optimal parameters with a steep 
slope with respect to the penalty factors as the levels of demand volatility becomes 
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higher. This means that Summing European option is more sensitive to the levels of 
demand volatility than other options, which results in a rapid decrease in optimal 'Y 
values. Figure 4.15 shows the differences of optimal policies when the penalty factor 
is fixed to 5. As in other cases, Asian and European have later capacity additions than 
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Figure 4.11 European option - Optimal parameters for various penalty 
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Figure 4.12 Asian option - Optimal parameters for various penalty factors 
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Figure 4.13 Lookback option - Optimal parameters for various penalty 
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Figure 4.14 Summing European option - Optimal parameters for various 
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Figure 4.15 Comparing the shortage measures by various level of demand 
volatilities (p=5) 
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4.7 General Comparison 
To compare the four option pricing methods, we used annual based parameter 
values µ=0.05, r=O.l, a=0.2, H=0.5 year, and a=0.7. Figure 4.16 shows that asp 
increases, the optimal 'Y decreases so that the expansions occur earlier. The lookback 
option method yields smaller optimal 'Y values than either the European or the Asian 
option method, which is reasonable as its estimate of expected shortage is greater than 
European or Asian (Figure 3.1). The method of summing European options estimates 
the total shortage during the lead time and its optimal 'Y and V(z)-1 values are smaller 
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Figure 4.16 Comparison of optimal policy parameters found for different 
shortage measures with p = 2, 3, 4, 5 and 10. 
Finally, the Summing European option always triggers the earlier and smaller 
capacity addition than other three options. Asian option estimates the smallest 
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shortage and yield the latest capacity expansion among our shortage measures. The 
expansion size according to the European option is higher than the other three options. 
The range of change in optimal parameters of Summing European option is less than 
the other three options, which means that Summing European option is safer for the 
miscalculated penalty factors. 
4.8 Different Approach for Summing European Option 
As a different approach for the Summing European option, we regard it as an 
average of upper and lower bounds of shortage based on many observations over the 
lead time, while the shortages of European, Asian and Lookback are very rough 
approximations of the total shortage found by averaging an upper bound based on the 
shortage at the end of the lead time (Sn <E>, Sn (A;N) or Sn (L)) and a lower bound of 
expected shortage(= 0). Figure 4.17 shows the idea of this approach. The estimated 
shortage of the European option would be the average of UB(E) = Sn (E) and LB(E) = 0 
multiplied by the lead time H (triangle area of Figure 4.17) and the estimated shortage 
of the Summing European option the shadowed area of Figure 4.17. Then Sn (T) is 
compared against ~ (s n (EJ x H). So for legitimate comparisons among optimal 
parameter values and according to the different shortage estimation methods, the 
penalty factors used for Summing European option should be penalty factors used in 
other options p divided by H /2. Due to the convexity of the shortage function, the 
shortage measured by Summing European options will be smaller. 
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Shortage 
D(t) = e-n E[(D(t)- K) +] 
Time 
Figure 4.17 Comparison between European and Summing European 
Figure 4.18 shows the optimal capacity expansion parameters of this new 
approach of Summing European option and those of existing option pricing methods. 
The new approach of Summing European option triggers the smaller and later 
capacity expansion than European and Lookback options for large penalty factors and 
smaller but earlier capacity expansion for small penalty factors. Summing European 
in this case could be a more effective expansion policy since it keeps observing 
capacity shortages during the lead time and thus estimates more pertinent expected 
shortage. The range of change in optimal parameters of the Summing European 
option with respect to the penalty factor is relatively smaller than other options, which 
means that the Summing European option is safer for the miscalculated penalty factor 
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Figure 4.18 The optimal capacity expansion parameters with various 
penalty factors 
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CHAPTER 5. CONCLUSION AND FUTURE WORK 
5.1 Conclusion 
The objective of this research is to develop efficient shortage estimation 
methods for capacity expansion problems under the assumption of a fixed lead time. 
The prices of some financial options are mathematically identical to some specific 
expected shortages during the lead times. The price of a European call option can be 
used for the expected shortage at the end of lead time, the price of Asian call option is 
mathematically identical to the difference between the average of expected demands 
over prespecified portion of the lead time and the current capacity and the value of 
fixed-strike lookback call option can be formulated as the expected highest capacity 
shortage during the lead time. Finally, we suggested a new method of Summing 
European options to estimate the total shortages during the entire lead time. The main 
idea of Summing European options is to divide a fixed lead time into a series of 
decreasing lead times and summing up all the expected shortages at the end of each 
smaller lead time by European option. We found that dividing an annual based lead 
time into day-long intervals provided a good compromise between accuracy and 
computation time. 
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To obtain the optimal policy parameters, we set a level of excess capacity that 
will trigger the initiation of a capacity addition (timing policy) and determined how 
much capacity to add at a given time in view of cost discounting and economies of 
scale (sizing policy). 
We defined the objective function of weighted sum of cost and shortage, 
As the penalty factor p increases, the optimal 'Y decreases so that the expansion occurs 
earlier. The Summing European option method yields smaller optimal 'Y values 
(triggers the capacity expansion earlier) than three other option methods, which is 
reasonable as its estimates of expected shortage is greater than Asian or European or 
Lookback options. For such an industry in which capacity shortage could strike a fatal 
blow, decision makers are quite risk-averse. Summing European option may provide 
the appropriate estimate of lead time shortage. 
We also investigated a different view of the Summing European option which 
we regard as an average of upper and lower bounds of shortage based on many 
observations over the lead time, while other options are very rough approximations of 
the total shortage found by averaging an upper bound based on the shortage at the end 
of the lead time (Sn (E), Sn (A;N) or Sn (L)) and a lower bound of expected shortage (= 0). 
Summing European in this case could be a more effective expansion policy since it 
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keeps observing capacity shortages during the lead time and thus estimates more 
pertinent expected shortage. 
5.2 Future study 
The analytical estimation of the lead time shortage becomes complicated if a 
more general demand ( other than exponential demand) model is considered. However, 
it would be a momentous extension of this research to be able to estimate the 
expected shortage in general. But few financial option pricing formula exists for 
models of asset growth other than lognormal. 
Another extension to consider is modeling the lead time as a variable or as a 
random factor. Since the lead time can be changed in practical situation it would be a 
more effective model for real industries. An American option might be applied to the 
case of considering lead time as a variable since it can choose when to exercise. 
However, the mathematical application would be difficult because there is no closed 
form expression for the value of American option. 
A capacity expansion model which allows the overlapping lead time could be 
another extension of this thesis. If demand grows very randomly and rapidly, multiple 
overlapping expansions could be required. Since the sizing policy used in this thesis 




µ: constant drift of logarithmic demand growth 
a: constant volatility of logarithmic demand growth 
g == µ + d /2 : mean exponential growth rate of demand 
r: annual risk-adjusted interest rate 
a: economies of scale factor 
D(t): demand for capacity at time t 
H: fixed installation lead time 
n: index of sequence of expansions (n=l,2, ... ) 
Kn : installed capacity after n additions are completed (Ko : initial capacity) 
Un = Kn - Kn-J : size of nth capacity addition 
Sn(EJ : expected shortage at the end of nth lead time (European option) 
Sn (A;NJ : expected shortage with the geometric average of demand over the last 
Nperiods of the lead time (Asian option) 
Sn(LJ: the highest shortage expected during the lead time (Lookback option) 
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Snm : the total shortage expected based on specific time unit during the lead 
time (Summing European option) 
G(t) : geometric average of demand at t 
M{ : maximum demand fort, tn :5 t :5 tn + H 
II 
4>(·): the standard normal cumulative distribution function. 
(Of = Max [ 0,0] 
C : total expected discounted cost 
y. expansion timing variable (ratio of potential shortage to existing capacity) 
z: expansion size variable 
V(z)-1: constant multiple of current capacity 
u(y, z) : infinite horizon expected capacity expansion cost 
v(y, z) : infinite horizon expected discounted shortage 
(superscript as for Sn is the type of option used for shortage estimation) 
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APPEND1X2 
The total expected shortage during the nth lead time is given by, 
tn+H 
s~n = JE[(D(t) - K n-i )+ ~t h D(t) = eµi+crJiz ,were . 
When D(t) ~ Kn-t, 
eµt+a.fiz > K - n-1 
The total expected shortage can be restated by, 
tn+H oo 
s~T> = f f ,p(z)(eµt+uJiz -Kn-I )dz di 
tn a(t) 
ln+H IXl tn+H 
= f f ,P(z)eµt+uJiz dz di - f Kn-I P[z:?: ln(K;-J- µt ]di 
In a(t) ln 
ln+H oo _.lz2 tn+H 
= f r:,~ eµt+uJiz dzdl- f Kn-I Pf.z:?: ln(K;-J- µt ]di 
In a(t) ln 
ln+H oo ln+H oo 
= f f e --½<z2-Zµt-ZuJiz) dz di - K n-l f f e --½z2 dz di 
tn a(t) tn a(t) 
59 
, where t/J(z) is a normal density function with mean O and variance 1. 
s<n D(tn) 
With this approach, it is not evident that -f- depends only on ~ so that the 
n-1 n-1 
timing and sizing policies are not accessible. Since we cannot use our capacity 
expansion policies, we should keep track of the size of capacity, Kn-I, to get the 
expected total shortage during the lead time. And the complicated calculation of the 
shortage makes it even more difficult to get the optimal policy parameters. 
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